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Abstract
Stanley associated to a simple graph G a symmetric function XG which generalizes the chro-
matic polynomial of G. He conjectured that XG is Schur positive when G is clawfree. This
is equivalent to the minors of a certain matrix with polynomial entries being polynomials
with nonnegative coecients. We prove this for the 2  2 minors, which extends a result of
Krattenthaler (J. Combin. Theory Ser. A 74(2) (1996) 351{354). We also give a characterization
of clawfree graphs in terms of cardinalities of stable sets. c© 1999 Published by Elsevier Science
B.V. All rights reserved.
1. Introduction
In [8] Stanley associated to a simple graph G (i.e., a graph with no loops or multiple
edges) a symmetric function XG = XG(x1; x2; : : :) which specializes to the chromatic
polynomial G(n) of G when we set x1 = x2 =   = xn=1 and xn+1 = xn+2 =   =0. It
is dened as follows. Let V =V (G)= fv1; v2; : : : ; vdg be the vertex set of G. A proper
coloring of G is a function  : V ! P= f1; 2; : : :g such that (u) 6= (v) whenever u
and v are the vertices of an edge of G. Then we dene
XG = XG(x) = XG(x1; x2; : : :) =
X

x(v1)x(v2)    x(vd);
where the sum ranges over all proper colorings of G. Note that if G is the disjoint
union of G1 and G2, then XG = XG1XG2 .
A symmetric function is called Schur positive if it is a nonnegative linear combi-
nation of Schur functions. (For undened terminology from the theory of symmetric
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functions we refer the reader to [5] or [6].) A graph is called clawfree if it does not
contain an induced subgraph isomorphic to the complete bipartite graph K1;3. A subset
A of V is called stable if no two vertices in A are joined by an edge. (In particular,
the empty set is a stable subset of V .) Regard the vi’s as commuting indeterminates.
Following [9] we dene polynomials eGn = e
G
n (v1; : : : ; vd) =
P
S(
Q
v2S v), where S runs
over all n-element stable subsets of V . (So eG0 = 1.) We set e
G
n = 0 if n< 0. If G
has no edges, then eGn = en, the nth elementary symmetric function, so the e
G
n ’s can be
regarded as analogues of the elementary symmetric functions.
In [9, Conjecture 1:4] Stanley conjectured:
Conjecture 1.1. A clawfree graph is Schur positive.
Equivalently, the conjecture asserts that every minor of the Toeplitz matrix
A = [eGj−i]i;j>0 is a polynomial with nonnegative coecients (see [9, Corollary 2:2]).
Note that eGn (1; 1; : : : ; 1) = cn, the number of n-element stable subsets of V . The poly-
nomial SG(t) =
P
n>0 cnt
n is called the stable set polynomial of G. It follows from
the theory of total positivity that if G is a graph such that XG is Schur positive,
then all zeros of SG(t) are real. A (3+ 1)-free poset is a poset which does not con-
tain an induced subposet isomorphic to the direct sum of a 3-element chain and a
1-element chain. The incomparability graph of a poset P is clawfree exactly when P is
(3+ 1)-free. Conjecture 1.1 has been proved for incomparability graphs of (3+ 1)-free
posets in [1]. In particular, the stable set polynomials of these graphs have only real
zeros. Also, Heilmann and Lieb [3] proved that the stable set polynomials of line
graphs (another special class of clawfree graphs) have only real zeros. It is an open
question whether the stable set polynomials of arbitrary clawfree graphs have only real
zeros.
In Section 2, Theorem 2.1 we give a combinatorial proof that the 2  2 minors
of A have nonnegative coecients which is equivalent to saying that the sequence
of polynomials feGn (v1; : : : ; vd)gn2Z is strongly (v1; : : : ; vd) log-concave in the sense of
Sagan [7, pp. 295{296]. This provides more supportive evidence for Conjecture 1.1.
In the special case of line graphs, Theorem 2.1 has been proved by Krattenthaler [4,
Theorem 2]. We get as a corollary of Theorem 2.1 that the stable set polynomialP
n>0 cnt
n of a clawfree graph is log-concave, i.e., c2n>cn−1cn+1 for n>1. This was
rst proved by Hamidoune [2].
In Section 3 we give a characterization of clawfree graphs in terms of cardinalities
of stable sets.
2. The strong log-concavity of feGn gn2Z
Let G be a graph on the vertex set V = fv1; : : : ; vdg. In this section we prove that
the sequence of polynomials feGn gn2Z is strongly log-concave.
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Theorem 2.1. Let G be a clawfree graph and p<m6n<q integers such that p+
q= n+ m. Then the polynomial eGn e
G
m − eGpeGq has nonnegative coecients.
Proof. Without loss of generality, we can assume that p> 0. Let Si be the set of all
i-element stable subsets of V =V (G). (We set S0 = f;g.) To prove the theorem it will
be enough to construct an injection
 : Sp  Sq ,! Sm  Sn
with the property that if (K; L) = (M;N ), then K [ L=M [ N . Let K 2 Sp; L 2 Sq,
K 0=K−(K\L), and L0=L−(K\L). Let H be the induced subgraph of G on the vertex
set K 0[L0. Since H is clawfree and each maximal clique of H has at most 2 elements,
it follows that the connected components C1; : : : ; Cg of H are paths and cycles. Let
V = f1; 2; : : : ; dg. For 16k6g dene rk = minfr j r 2 V (Ck)g. We can assume that
r1<r2<   <rg. For each connected component Ck dene k(K 0; L0) = jV (Ck) \
L0j − jV (Ck) \ K 0j and k(K 0; L0) =
Pk
j=1 j(K
0; L0). Note that −16k(K 0; L0)61. Let
l = l(K; L) be the least k; 16k6g, such that k(K 0; L0) = m − p = q − n. Since
jL0j − jK 0j= q− p>m− p, it follows that l exists and l6g− 1. Let
M 0 =
"
l[
k=1
(V (Ck) \ L0)
#
[
"
g[
k=l+1
V (Ck) \ K 0)
#
and
N 0 =
"
l[
k=1
(V (Ck) \ K 0)
#
[
"
g[
k=l+1
V (Ck) \ L0)
#
:
Let M = M 0 [ (K \ L) and N = N 0 [ (K \ L). Since M 0 \ V (Ck) is a stable set for
each 16k6g it follows that M 0 is a stable set; from this it follows that M is a
stable set. Similarly, N is a stable set. Also, jM j=p+ l =m; jN j= q− l = n, and
M [ N = K [ L. Dene (K; L) = (M;N ) and note that k(M 0; N 0) =−k(K 0; L0) for
16k6g, so l is the least number such that l(M 0; N 0) =−(m− p). Since K = K 0 [
(M \ N ); L = L0 [ (M \ N ), K 0 = [Slk=1(V (Ck) \ N 0)] [ [Sgk=l+1 V (Ck) \M 0)], and
L0 = [
Sl
k=1(V (Ck) \ M 0)] [ [
Sg
k=l+1 V (Ck) \ N 0)]; it follows that (K; L) is uniquely
determined by (M;N ), so  is an injection.
In the case m= n and p = n− 1 and q = n+ 1 the construction which we used in
the proof of Theorem 2.1 is similar to the constructions used by Hamidoune [2] and
Krattenthaler [4].
3. Characterization of clawfree graphs
If G is a connected graph with vertex set V , then the distance d(u; v) between two
vertices u and v in V is the length of a minimal path in G connecting u and v. (The
length of a path P is the number of edges of P.) If U is a subset of V , then we
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denote by GnU the induced subgraph of G on the vertex set VnU . If u is a vertex
of G, then we denote by Vu the subset of V consisting of u and all vertices that are
incident with u.
Lemma 3.1. Let G be a connected clawfree graph with vertex set V. If u; v 2 V are
such that d(u; v) is maximum; then GnVu is connected.
Proof. If d(u; v)=1, then G is a complete graph and the theorem is trivial. So we can
assume that d(u; v)> 1. Suppose GnVu is not connected. Then there must be a vertex
w 2 VnVu such that v and w are in dierent connected components of GnVu. This
means that any path connecting v and w passes through a vertex in Vunfug. Let P be
a minimum length path connecting v and w and let t 2 V (P)\ (Vunfug), where V (P)
is the vertex set of P. Then d(v; w) = d(v; t) + d(t; w). Since d(v; t) + d(t; u)>d(v; u)
and d(t; u) = 1, it follows that d(v; t)>d(v; u)− 1. We also have that d(t; w)>1, so
d(v; u)>d(v; w) = d(v; t) + d(t; w)>d(v; u)− 1 + 1 = d(v; u):
This implies that d(v; w) = d(v; u); d(v; t) = d(v; u) − 1, and d(t; w) = 1. In
particular, w 2 Vt . Let s be the immediate predecessor of t when traversing P from
v to w. Since P has minimum length, it follows that d(s; w) = 2. We also have that
d(v; s) = d(v; t) − 1 = d(v; u) − 2, so d(s; u)>2 (in fact d(s; u) = 2). Therefore the
induced subgraph of G with vertex set fs; t; u; wg is a claw, which contradicts our
hypothesis.
Remark 3.2. It is easy to see that for any connected graph G and a pair of vertices u
and v such that d(u; v) is maximum, the graph Gnu is connected.
Theorem 3.3. Let G be a connected clawfree graph with vertex set V and let d= jV j.
Then every stable subset of V has at most (d+ 1)=2 elements.
Proof. We will prove the theorem by induction on d. For d=1 the theorem is obvious.
Now let d> 1 and let S be a stable subset of V . By Lemma 3:1 there exists an u 2 V
such that GnVu is connected. Since G itself is connected, jVuj>2. By induction, the
theorem is true for GnVu. Since G is clawfree, jS \ Vuj62. If jS \ Vuj61, then
jSj6jS \ (VnVu)j+ 16 jVnVuj+ 12 + 16
d− 2 + 1
2
+ 1 =
d+ 1
2
and we are done.
If jS \ Vuj= 2 and jVuj>4, then
jSj= jS \ (VnVu)j+ 26 jVnVuj+ 12 + 26
d− 4 + 1
2
+ 2 =
d+ 1
2
:
If jS \ Vuj = 2 and jVuj< 4, then necessarily jVuj = 3 and S \ Vu = Vunfug. Since
G is connected and u is not connected with an edge to any vertex in VnVu, it follows
that at least one of the vertices in Vunfug is connected to VnVu. Let v be one such
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vertex and let fwg = Vunfu; vg. Then Gnfu; wg is connected and jS \ fu; wgj = 1.
Therefore,
jSj= jS \ (Vnfu; wg)j+16 jVnfu; wgj+1
2
+1 =
d− 2 + 1
2
+ 1 =
d+ 1
2
:
Denition 3.4. A graph G on d vertices is called tame if every stable subset of the
set of vertices of G has at most (d+ 1)=2 elements.
Theorem 3.5. A graph G is clawfree if and only if all induced subgraphs of G which
are connected are tame.
Proof. The ‘only if’ part follows from Theorem 3.3 and the fact that every induced
subgraph of a clawfree graph is again clawfree. The ‘if’ part follows from the fact that
the claw K1;3 is not tame; it has a 3-element stable subset, but only 4 vertices.
The above also applies to posets by passing to the incomparability graph.
Denition 3.6. A poset P with d elements is called tame if every chain of P has at
most (d+1)=2 elements. A poset is called irreducible if it is not the ordinal sum (see
[10, p. 100]) of two nonvoid posets.
Thus a poset P is irreducible if and only if its incomparability graph is connected.
Corollary 3.7. Let P be an irreducible (3+ 1)-free poset with d elements. Then P is
tame.
Proof. Since the incomparability graph of P; incP, is clawfree and a chain in P
corresponds to a stable subset in G, Corollary 3.7 follows from Theorem 3.3.
Corollary 3.8. A poset P is (3+ 1)-free if and only if every irreducible subposet of
P is tame.
Proof. Since a poset P is (3+ 1)-free if and only if incP is a clawfree graph, Corollary
3.8 follows from Theorem 3.5.
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